We initiate the development of a theory of the elasticity of nanoscale objects and introduce new physical concepts which remain properly defined on the nanoscale. This theory provides a powerful new way of understanding nanoscale elasticity in terms of local group contributions and leads to a new relation between the bending and stretching properties of nanomechanical resonators which is much more accurate than the continuum-based relations currently employed in experimental analyses.
The recent development of artificial free-standing structures of nanometer dimensions opens a new series of fundamental questions about elasticity on scales where matter can no longer be viewed as continuum. It is not yet known at what scales, to what extent, and in what ways relations from the continuum theory of elasticity break down. It is also unclear what rigorous theory, if any, can stand as an intermediary between macroscopic elasticity theory and microscopic lattice dynamics.
A wealth of experimental information is now available on the mechanics of nanowires and nanotubes [1] - [6] , and a computational literature is developing on the subject [7] - [12] . Many of these works, without formal justification, make use of results from continuum elasticity theory to analyze the behavior of nanometer structures. In this work, we formulate a rigorous theory of elastic response on the nanoscale based upon physical observables. For concreteness, we focus on long, thin nanoresonators. This theory allows us, for the first time, to understand quantitatively how continuum theory breaks down on the nanoscale, how to make appropriate corrections, and how to predict the effects of different bonding arrangements on overall elastic response.
Theory -In nanoscale objects, the inter-atomic spacing is no longer much smaller than the cross-sectional diameter, and care must be taken to define proper elastic constants. For long, thin resonators whose length greatly exceeds the inter-atomic spacing the object may be properly coarse-grained to a one-dimensional continuum. To lowest order, the free energy per unit length is then f = (Eu 2 + F r −2 + T t 2 )/2, where u, r and t are the linear strain of extension, the radius of curvature of flexion and the rate of twist of torsion, respectively, and the coupling constants E, F and T are the extensional rigidity, the flexural rigidity and the torsional rigidity, respectively. This free-energy function is experimentally observable (in principle) and thus provides an unambiguous operational definition of the rigidities. Continuum theory then predicts the longitudinal and transverse acoustic dispersion relations to be connected to the elas-tic constants through
Here ω is the frequency, q is the wave vector, m is the atomic mass (assumed constant for simplicity), and λ is the linear atomic number density.
In the following, we choose coordinates such that the origin lies on the center line of the wire, which is taken to run along the z-axis, and symmetry planes, if extant, are perpendicular to the x and y-axes. We denote the number of atoms in the unit cell and its length by N c and L c = N c /λ, respectively. Here the unit cell, unlike the primitive cell of the bulk crystal, includes the entire cross-section of the wire. Finally, boldfaced quantities represent 3N c -dimensional quantities, arrowed vectors represent three-dimensional quantities, and Greek indices range over all atoms in the unit cell.
Born and Huang developed, for macroscopic systems, the connections between continuum elasticity theory and the theory of lattice dynamics through their "method of long waves" [13] , which coarse grains away all length scales smaller than the continuum. Beginning similarly, we define the Bloch phase such that it varies linearly along z, thus ensuring a uniform description of the distribution of elastic energy along the unit cell. To generate a scalar equation for the phonon frequency, Born and Huang project the secular equation for the dynamical matrix Du = −mω 2 u against the zeroth-order polarization vector u [0] . Here, however, to more symmetrically represent the distribution of elastic energy, we project against the full polarization vector u.
Let us now consider the connections between longitudinal waves and the extensional rigidity. Equating the frequency ω resulting from our more symmetric approach with the longitudinal frequency in (1) gives
where the superscripts indicate the order in the perturbation expansion (powers of iq). Finally, the 3×3 sub-block of D [n] which couples atoms α and β is
where Φ αβ ( R) is the sub-block of the force-constant matrix coupling atoms α and β in unit cells 0 and R, respectively, and τ α and τ β are the corresponding basis vectors.
To analyze the extensional rigidity E in terms of the underlying physics, we substitute (3) and [u [0] ] α =ẑ into (2), giving
, and we refer to the e α as the "atomic moduli." The three quantities u rl α , Ψ αβ ( R) and ∆ r αβ we refer to as "relative" because, as we shall see below, they may be redefined according to what we regard as the baseline elastic response of the system. Presently, our baseline is zero, so that the relative displacement u rl α consists of the entire first order response, u [1] α . With the atomic moduli as currently defined, Eq. (5) is a useful microscopic analysis of elastic response in infinite bulk systems. For bulk systems, elastic waves are truly planar so that the u [1] α are uniform from primitive cell to primitive cell of the bulk crystal and thus dependent only upon the local environment. This, combined with the decay of the force-constant matrix Φ( R) with R, ensures that each atomic modulus e α depends only upon the microscopic environment of atom α and not on the macroscopic size of the system. The present atomic moduli are related to the "local participation function" defined in [14] for the study of crack nucleation in bulk systems. However, as we now show, the present definition is ill-suited for the analysis of nanoscale systems.
To demonstrate this failure, we explore the behavior of the presently defined e α in (100)-oriented nanoresonators of silicon, which recent ab initio studies predict to undergo a size-dependent structural phase transition at cross-sectional diameters of about ∼3 nm [15] between the two structures in Figure 1 . We work here with the Stillinger-Weber inter-atomic potential [16] , which gives a sufficient description for our purpose of exploring general nanoelastic phenomena and which allows us to study unit cells with thousands of atoms conveniently. Figure 2a plots the atomic moduli e α , as presently defined, for c(2 × 2) nanoresonators of several sizes. The figure demonstrates that, at the surfaces, these moduli scale linearly with the radius of the nanoresonator. Thus they depend on more than the local atomic environment, and are therefore useless in the analysis of elastic reponse in terms of local contributions. As we demonstrate below, this is a general feature of systems with free surfaces. The figure also demonstrates that the moduli in the center of the wire have the ill-suited feature of not approaching the expected bulk value
Young's modulus and ρ b is the bulk atomic density. These undesirable features arise from the macroscopic response of the unit cell to the longitudinal strain, which is described by the first order polarization vector u [1] [13] .
In the presence of free surfaces, u [1] includes the Poisson effect. This causes the surface to displace by an amount proportional to the radius of the wire, ultimately giving rise to the linear scaling of the surface moduli.
We can eliminate these undesirable features with an appropriate choice of baseline by subtracting the Poisson effect from u [1] and incorporating it into ∆ r and Ψ. We refer to the resulting baseline as the Poison-baseline. The Poisson effect for our wires, which have three planes of symmetry, consists of independent contractions along x and y. We now redefine u rl α as
where σ x,y are the respective Poisson ratios. Using (6) and exploiting the translational and rotational symmetries of Φ allows us to recast e α in the same form as (5), but with u rl α and ∆ r redefined and Ψ renormalized. Now, u rl α is as defined in (6), ∆ r αβ represents the total strain between atoms α and β including the Pois-
For consistency in the ensuing calculations, we take σ x and σ y as the bulk Poisson ratios of the Stillinger-Weber model. Now, because u rl α depends only upon the local environment, Ψ still decays as does Φ, and ∆ r αβ still depends only upon relative atomic distances, the newly defined atomic moduli are sensitive only to the microscopic environment of each atom. This locality ensures (1) that the modulus of each surface atom depends only on the local structure and not the macroscopic dimensions of the wire and, (2) that the moduli of the atoms in the interior approach the appropriate bulk value. Figure 2b illustrates the success of the new moduli. The color-coding in Figure 1 displays these moduli and shows the direct impact of surface effects and of different atomic environments on the mechanical response.
Unlike previous definitions of atomic moduli which require an arbitrary assignment of energy to individual atoms [17] , Eq. (5) uses only well-defined physical observables such as the dynamical matrix. In addition to being more physical, this new definition has the distinct practical advantage that it may be applied to any computational technique which yields the dynamical matrix, including empirical potentials, tight binding models, and ab initio calculations.
Flexural rigidity -If our atomic moduli indeed characterizes extension at the atomic scale, then they should be transferable to flexion. During flexion the free energy per unit length should then take the form f = (1/L c ) α e α u 2 α /2, where u α is a measure of the longitudinal strain which atom α experiences. For this form to be sensible, the range of the force-constant matrix must not become comparable to the cross-section of the wire, so that the atoms which contribute to a specific e α all experience similar strains u α . Within continuum theory, uniform flexion with radius of curvature r corresponds to a longitudinal strain which varies linearly across the wire as u = x/r (accurate to better than one part in 10 4 for the wires in this study). This gives a flexural rigidity of where the subscript at on F emphasizes that this is the flexural modulus predicted by the atomic moduli. Figure 3a plots the fractional error δF at = (F at −F )/F associated with this prediction for wires of various sizes, as compared to the result from direct diagonalization of the dynamical matrix. For the plot, we estimate the cross-sectional diameter of the wires as D ≈ λ/ρ b . For comparison, Figure 3a also shows the fractional error (δF cnt = (F cnt − F )/F ) as predicted from the standard continuum relation F cnt = E(I/A), where I is the moment of inertia of the cross-section and A is the corresponding area. Although A is not well-defined on the nanoscale, we here interpret the ratio I/A as the (welldefined) mean moment of inertia per unit length,
For all cases with cross-sectional diameter less than 5 nm, the new analysis is a dramatic improvement over the continuum treatment. The linear behavior of δE cnt with 1/D indicates that surface effects are not properly accounted (F places a larger emphasis on the surface than E), which Fig. 1 shows to become extremely important at these length scales. The dramatic improvement of (7) arises because the atomic moduli are able to treat each atomic environment individually, hence placing proper emphasis on the surface and on the interior. The only appreciable error within the new framework occurs for the smallest wires at a 1.5 nm diameter. At this point, the cross-sectional dimension becomes comparable to the range of the force-constant matrix and the free energy now requires a full atomic-scale analysis. Improved elastic relations -A great benefit of the above concept of atomic moduli is that it gives insight into the failures of standard continuum relations and how they may be corrected. We demonstrate this by using the atomic moduli to predict, much more accurately than can standard continuum relations in current use, the extensional rigidity in terms of the flexural rigidity and other experimentally accessible quantities. This new relation is of great interest because direct measurements of extensional properties are very difficult on the nanoscale [1, 2, 5, 6] .
As a test of the standard continuum relation E cnt = F/(I/A), the lower portion of Figure 3b shows the resulting fractional error δE cnt = (E cnt − E)/E when predicting the extensional modulus from the observed flexural modulus. The resulting modulus is too small by as much as 10 − 20% for wires with cross-sections of 1.5-5 nm. Similarly to the previous section, the linear behavior indicates that surface effects are not properly accounted.
The atomic moduli approach improves this prediction significantly. Using e b ρ b = Y b and Eqs. (4, 7, 8) gives, to leading order, the extensional modulus as
with corrections with the exact form
Here, C = N s /(EL c ), N s is the number of "surface" atoms (those where e α differs significantly from e b ), e s x 2 ≡ ( s e s x 2 s )/( s x 2 s ) and e s ≡ ( s e s )/N s with the sums ranging over "surface" atoms, and B at = ((1/2) x 2 s / x 2 c − 1), where the subscripts s and c refer to unweighted averages over the surface or the cell, respectively. This analysis holds for any division of the atoms into "surface" and "bulk" to the extent that the "bulk" atoms have atomic modulus e b . Figure 3b shows that relation (9) improves the fractional error (δE at = (E at − E)/E) by nearly an order of magnitude.
The error in the continuum relation δE cnt can also be calculated through Eqs. (4, 7, 8) . The resulting error takes precisely the same form as (10), but with B cnt ≡ 2B at + 1 replacing B at . From this, we may understand the origin of the superiority of (9) over the traditional continuum relation. First, we note that the term in the first set of square brackets in (10) , an average difference between surface and bulk atoms, is generally much larger than the term in the second set of square brackets, a difference between two averages over the surface atoms. Moreover, for wires of homogeneous cross-section with circular or regular polygonal shapes, we have that B at = 0 and B cnt = 1. Thus, in general, when using (9), the first term in δE at nearly vanishes, and the error is much smaller than in the continuum case.
Conclusions -The study of nanoelasticity demands the use of well-defined concepts such as extensional and flexural rigidity, which may be analyzed in terms of individual atomic moduli. We present the first such atomic moduli for nanoscale objects which (i) are defined in terms of physical observables, (ii) sum to give the exact collective elastic response, (iii) depend only on the local atomic environment, and (iv) transfer among different modes of strain. This concept leads to a new and much more accurate method for relating extensional and flexural rigidities in terms of experimental observables. Combined with first principle calculations, this approach allows the identification of which atomic arrangements lead to more pliant or stiffer response, provides a clear and natural method for distinguishing mechanically between "surface" atoms and "bulk" atoms, and opens the opportunity to understand the relation between mechanical response and the underlying electronic structure.
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